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Abstract 
Let M be a noncompact 4-manifold with at least two open ends. Suppose that one of these ends 
is homeomorphic to N x iI& where N is an oriented 3-manifold satisfying one of the following 
conditions: 
(i) ~1 (N) is an extension of the free group by a perfect normal subgroup. 
(ii) HI (N) g Z/n, @. @ Z/nk, k < 4, and the link form of N is isomorphic to (-!-) @. @ 
(+) where each n2, 1 < i < k, is a product of primes congruent to 1 (mod4). 
(iii) HI (N) N Z/n, @ Z/n* and nz (i = 1,2) is a power of a prime congruent o 3 (mod 8). 
Then there exist uncountably many different smooth 4-manifolds which are homeomorphic to M. 
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0. Introduction 
The most striking fact of 4-manifolds different from all other dimensions is the exis- 
tence of an exotic Iw4, a smooth 4-manifold homeomorphic but nondiffeomorphic to Iw4. 
The first example [8] was pointed out by M. Freedman in 1982 which follows from 
Donaldson’s theorem [3] on the nonexistence of a closed, smooth 4-manifold with non- 
standard definite intersection form, together with Freedman’s 4-dimensional topological 
surgery theory. Subsequently, R. Gompf [9] proved there are infinitely many different 
smooth manifolds doubly indexed family {&,n}E,,=o which are all homeomorphic 
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to Iw4. Donaldson’s theorem was generalized by Taubes [16] to the case of open 4-man- 
ifolds with a periodic end, this leads to construct uncountably many different smooth 
structures on Iw4. Freedman and Taylor [6] proved that there exists a universal exotic Iw4 
which includes all others as smooth submanifolds. It is conjectured that this smoothing 
cannot be embedded into any smooth compact 4-manifold. More recently, DeMichelis 
and Freedman [l] proved that there exist uncountably many different smooth structures 
on IR4 which embed into lR4 smoothly. On the enumeration problem of smooth structures 
on open 4-manifolds with nontrivial homotopy type, R. Gompf [lo] proved that any 
punctured 4-manifold admits uncountably many smooth structures. Gompf mentioned in 
[lo] that it is plausible to make a conjecture, namely, every open 4-manifold admits 
uncountably different smooth structures. In this paper, we shall address to verify this in 
some cases. 
Theorem A. Let Al be m noncompact 4-manifold which possesses at least two open ends 
and one of them is homeomorphic to N x Iw where N is an oriented closed 3-mantfold. 
Suppose that M has an end collared by N x Iw where N is un oriented closed 3-manifold. 
Then there are uncountably many different smooth structures on M if N satisfies one of 
the following: 
(i) rri (N) is an extension of u free group by a pe$ect normal subgroup. 
(ii) Hi(N) ” Z/n, @ . . &i Z/nk with k < 4, cmd the link form of N is isomorphic 
to (k) @. . CB (&) where euch n,, 1 < i 6 k, is a product of primes congruent to 
1 (mod4). 
(iii) Hi (N) E Z/n, @ Z/ n2 and ni (i = 1,2) is a power of a prime congruent to 
3 (mod 8). 
Let us say a few words about the methods of proving the theorem. Let R = {R,, s E 
A} denote the monoid of exotic Iw” where addition is the Gompf’s end sum b. For an 
open smooth manifold IV, we can define the end sum of M b R, along a fixed end. This 
gives us a collection of smooth 4-manifolds which are all homeomorphic to M. The key 
point here is to show that this collection includes uncountably many different smooth 
manifolds. Under the conditions this can be done using Taubes’ theorem on definite 4- 
manifolds with a periodic end in the same way as [9]. Let 0, = {R,, s E A 1 Mb R, is 
diffeomorphic to M} be the inertiu submonoid of R, the above theorem actually shows 
that the quotient n/n M is uncountable as a set. This raises a natural question, namely, 
can Q, = {IR4}? 
We remark that the same method can be applied to extend our result above to some 
other situations. For example, the case where N is a closed 3-manifold with Hi (N) ” 
z2 CE z2. 
1. Embeddings of 3-dimensional rational homology spheres 
In M. Freedman’s celebrated paper [4], he proves that every homology 3-sphere em- 
beds locally flat into the 4-sphere. In the smooth category, it is much different. In fact, it 
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is known for some years [ 1 l] that there are infinitely many homology 3-spheres which 
cannot be embedded smoothly into 4-space. The simplest one amongst them is maybe 
the Poincare sphere. As remarked in [ 111, the same method can be applied to get in- 
finitely many examples which cannot be embedded into any simply connected smooth 
closed 4-manifold with positive definite intersection form. Generally, a rational homology 
sphere cannot be embedded into the 4-sphere locally flat even in the topological category 
(cf. [12]). In this section, we address the study of when a 3-dimensional rational homol- 
ogy sphere embeds locally flat into a positive definite closed 4-manifold. Usually these 
4-manifolds do not have a smooth structure by Donaldson’s theorem. Some particular 
attention will be paid to the problem of when a 3-dimensional rational homology sphere 
can be embedded into the connected sum #;“@P” locally flat. This particular result may 
be used to prove Theorem A mentioned in Introduction. 
Theorem 1.1. Let M be a 3-dimensional rational homology sphere. Then M embeds 
locally jlut into a simply connected closed 4-manifold with positive definite intersection 
form if one of the following conditions holds true: 
(i) H,(M) @ & = 0. 
(ii) M = N# (-N). 
The idea to show the theorem is to construct two simply connected 4-dimensional 
topological manifolds with boundaries M and -M respectively so that their intersection 
forms are positive definite. Gluing them together along the boundary we obtain the desired 
simply connected 4-manifold with positive definite intersection form and the proof can 
be done. 
The Lens space L(lc, 1) and S”/Q(Slc) embed in #;@P2 smoothly as the circle bundles 
over S* and IiW2 respectively for n large enough. In light of the above theorem, one 
might ask whether every 3-dimensional rational homology sphere always embeds in 
#T_CP2 locally flat. Unfortunately it is very hard to control the intersection form of 
the 4-manifold constructed in our proof of Theorem 1.1. I thank Professors J. Conway 
and N. Elkies for informing me about some results on integral lattices relevant to this 
question. As an example, we give the following partial result which will be used to prove 
Theorem A. 
Corollary 1.2. Let M be a 3-dimensional rational homology sphere. Suppose that 
HI (IV) ” Z/n, @ . . @ Z/nk. Then M embeds into #~lc”@P2 if one of the following 
conditions holds: 
(1) The link form of M is isomorphic to ($) @ . . . @ ($-), k < 4, and each ni, 
1 < i < k, is a product of primes congruent to 1 (mod4). 
(2) k < 2 and ni (i = 1,2) is a power of a prime congruent to 3 (mod8). 
Let M be a 3-dimensional closed oriented manifold. Recall that the linking form of 
M is a symmetric nonsingular bilinear form 
4~ : tor HI (M) x tor HI (M) + Q/Z 
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defined by Poincare duality (cf. [ 171). By [ 131, any symmetric nonsingular bilinear form 
over a finite abelian group can be realized as the linking form of a 3-manifold. It is often 
convenient to identify a linking form (G, 4) with a matrix representing C$ relative to the 
generators of a cyclic splitting of G. 
As in [ 171, we write N and Np for the abelian groups of isomorphism classes of finite 
abelian groups and finite p-groups with linking forms, where addition is defined as the 
orthogonal sum. Recall 
Theorem 1.3 (Wall, 1962). The nhelian group N is the direct product of NP. For p 
odd, NP has generators Apk, BP’” (k 3 1) and the sole relations 2A,k = 2B,k. The 
generators of N2 are A2b, E2h (k 3 l), BZk (k >, 2), F2k (k 3 2), C,,, D2k (k 3 3), 
where A+ = ($), B,s = (g) and u is a positive integer such that the Jacobi symbol 
(;) = -1 ifp odd. 
E; = 
0 2+ 
[ 1 2-k o ; F;= [;:kk $1, 
Let H be a free abelian group of finite rank n with a basis et, . . , e,. Write S for 
a nondegenerate n x n matrix over the integers. S gives a monomorphism of H to H 
whose quotient group G is of order det S. From S one obtains a unique linking form 
C$S over G such that 4~ (ei, ej) = a iJ, where uZj is the (i, j)-entry of S-’ (mod Z). We 
say that S is a presentation of the linking form 4. Recall that every linking form over a 
finite abelian group can be captured in this way. 
We say symmetric matrices over integer St and S2 are closed related if there exists a 
unimodular integer matrix P such that 
P(S, ~(fl)~...~(il))P’rS2~(~1)~...~(~1). 
A fundamental theorem of Kneser and Puppe [ 141 says that St and Sz are closed related 
if and only if they present isomorphic linking forms. 
Lemma 1.4. Every link form over a cyclic p-group (where p is a prime) can be presented 
by a positive dejinite matrix. 
Before proving this lemma we first complete the proof of the Theorem 1.1. 
Proof of Theorem 1.1. By Wall’s theorem, if condition (i) holds, the linking form 
(HI (M), 4~) can be written as the direct sum ~$1 @ . . . @ q& where & (1 < i < n) are 
all linking pairings over a cyclic group of order pyL ; here pi denotes an odd prime. Note 
that M bounds a 4-dimensional oriented simply connected manifold V. The intersection 
form IV of V is a presentation of -4~. By Lemma 1.4, -4~ has a presentation 
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Sr @ . . CD S, so that Sr , . ., S, are all positive definite matrices over the integers. 
Generally, for a 3-dimensional rational homology sphere M with 2 torsion subgroup of 
HI (A&) isomorphic to Zzt, @ . CE Zpn. We want to show that the link pairing of 
can be presented by a positive definite matrix. By Lemma 1.4 and Wall’s theorem above, 
we need only consider the case that the 2 torsion part of -4~ consists of either Fzz3 or 
EzT3 for some j. Note there are at most [m/2] such terms. By [ 131, 
E,k@ (&) -4k@ (a) 
The identity 
show is that E2” 6~ (&) ” ($) 63 ($) @ (2). Thus 
is equivalent to the direct sum of linking forms over cyclic groups. Applying Lemma 1.4 
again it follows that 
can be represented by a positive matrix, saying S1 @. . @ S, again. Note the Lens space 
L(2”, -1) has the link form (I&) and so the linking form of 
M#L(2il, -l)#...#L(2~~,-1)#L(2~~+‘,-1)#...#L(2~~~+1,-1) 
is isomorphic to 
Thus we can use 
M # L(2i’, -1)#...#L(2~“‘,-l)#L(2”‘+],-1)#...#L(2~-~+’,-1) 
to replace M. We still use V to denote a simply connected manifold with boundary 
M # L(2i’, -l)#...#L(2~~,-l)#L(2z~+‘,-1)#...#L(2~~+l,-1). 
The Kneser-Puppe theorem [ 141 says that 1~ and Sr $ . . . @ S, are closed related and 
so there are positive integers Ic, 1, s and q such that 
Ivv~(+l)@I(-1)~s,~~~~@S,@s(+l)@q(-l). 
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We may assume s 3 1. By Freedman [4] there is a simply connected manifold V’ 
such that V’ # (s - 1)@P2 # Q( -U”) 1s h omeomorphic to V # l&P2 # I(-@P2). The 
intersection form of V’ is St 8 . . @ S, @ (1) which is positive definite. 
By the same reasoning, we can obtain another oriented simply connected 4-manifold 
W’ with boundary -M (or 
-M# (L(29)) #...# (L(2i7-, 1)) #L(2i’+‘, 1) #...#L(2i7”+‘, 1)) 
possessing a positive intersection form. Let X = V’ U&f W’. It is a simply connected 
closed 4-manifold with positive definite intersection form. Note M (or 
n/l#L(2il,-l)#...#L(2im~-l)#L(2iI+’,-l)#...#L(2im+‘,-l)) 
is a locally flat embedded submanifold, actually as the boundary of V’. In the second case, 
note that M - int D3 embeds into X locally flat and so the boundary of this embedding, 
M # (-M) embeds in X locally flat too. This completes the proof. 0 
Proof of Lemma 1.4. Case (i). p = ~ 1 (mod4); as (2) = - 1. 
The linking pairing (5) is not isomorphic to (- $.). The former is represented by the 
1 x 1 matrix (pk). And (-$) is represented by the (p” - 1) x (pL - 1) positive definite 
matrix 
A= 
2 1 l...l 
12 l...l 
1 12...1 
. . . . . . 
1 1 1...2 
whose determinant is pL. Over rational numbers A is congruent to the diagonal matrix 
The matrix A represents the link form (2) as the diagonal element of its inversion are 
all (p” - l)/pk. 
Case (ii). p = 1 (mod4). 
Note now ($) and ($) are equivalent. So we need only consider the form (3) 
where a is not a quadratic residue. Let R be the minimal positive prime not residue 
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mod p. We can present (,$) by a positive definite matrix over the integers constructed 
from the Euclidean algorithm, using the fact 
1 = ndi -pkd2, 
dl = aldz - d3, 
The matrix B-’ is a positive definite matrix over the integers representing the link 
form (g) where 
B= 
Tip-‘C 1 0 . ..o 0 
1 a1 1 . ..oo 
0 1 a2 . ..O 0 
0 0 0 ...I ai 
Note the arguments in case (i) and (ii) apply identically to show that A,&, B2k, Cz, and 
D,k can be represented by positive definite matrices. This completes the proof. 0 
Proof of Corollary 1.2. If (1) holds, the link forms ($)@. . .CB( &) and ($)@. . .@( 2) 
are equivalent as the Jacobi-Legendre symbol (2) = 1 for every prime p = 1 (mod 4). 
For a simply connected 4-manifold V with boundary -M, its intersection form is closed 
related to (ni) @ ... @ (nk). This is of odd type. By [5, 10.31, V is homeomorphic 
to the connected sum of a closed simply connected manifold and a compact manifold 
with boundary -M with intersection form isomorphic to (ni) @ . . . @ (7~). As in the 
proof of Theorem 1.1 we can obtain an embedding of M in a simply connected closed 
4-manifold X whose intersection form is positive definite of rank 21c < 8. Note that 
each positive definite unimodular form of odd type over integers and rank not in excess 
of 8 is canonical. Thus X is either 2kU2 or (2k - 1)@P2 # *@P2, where *@P2 is 
the manifold with the same homotopy type of @P2 but nontrivial Kirby-Siebenmann 
obstruction. *Q1P2 # +Q1P2 is homeomorphic to 2c.P2. If X is (21c - 1)@P2 # *CP2, we 
may sum &P2 to X and get the canonical (21c + 1)@P2 and M embeds in (21c + l)@P* 
topological locally flat. 
In case (2), the symbol (i) = -1 if p = 3 (mod8). Note that ($) has a representation 
of positive definite matrix 
2 1 ( 1 l pr+l 2 
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By the same reasoning as above it follows that M can be embedded into a 4-manifold 
X with positive definite intersection form of odd type with rank 3lc + 1 6 7 and hence 
is standard. This completes the proof. 0 
2. Embeddings of 3-manifolds with torsion free homology group 
This section is devoted to discussing the problem of when a 3-manifold M with 
Hr (M) torsion free can be embedded into a positive definite 4-manifold. This is relevant 
to the cobordism problem of links. The situation now is much complicated and it seems 
hard to obtain a complete answer. 
Let K c S3 be a knot. Performing framing zero surgery on S3 one gets a manifold MK 
with the homology of S’ x S2. It is easy to show that Al, embeds into S4 if K is a slice 
knot, and conversely if ~VIK embeds into S4 the knot K is slice in a homology 4-ball, 
hence is algebraically slice. So MK cannot be embedded into S4 topologically where K 
is the trefoil knot. Similarly, zero surgery on a slice link K produces a submanifold of 
S4. However, the other direction analogue relation does not hold for link instead of knot. 
For example, zero surgery on the Hopf link, Whitehead link and the Borromean rings 
all produce submanifolds of S4 but none is algebraically slice. Thanks to the referee for 
pointing out these examples and the minor error in my previous version. The following 
proposition shows that each smooth (or topological) link is smooth (or topological) slice 
in the connected sum D4#(#;“@P2) for n large. However, those embedded disks extending 
the link do not always give the zero framings. This cannot produce an embedding of the 
manifold resulted from the zero framing surgery on the link. 
Proposition 2.1. Let L c S3 be a smooth (or topological) link. Then L is smooth (or 
topological) slice in D4 # (#T_CP’) for n large. 
Proof. Let L be a link with Ic components L,, . ., Lk. It is easy to see that there are 
k generic immersed disks di , . ., A, in D4 with boundary the link L. Note that there 
are two embedded 2-spheres Sf and Sz in CP2 which intersect in one point. For each 
double point A of &, the connected sum ni # SF c D4 # CP2 is a generic immersed 
disk which intersects Sz in one point. By the technique of [7] we can remove A and 
keep all other double points and intersection points fixed. Proceeding this program we 
can get a slice for the link L in D4 # (#pCP2) for 11 large. This ends the proof. 0 
Recall that Freedman and Quinn [5] showed that a knot K c S3 is Z-slice (i.e., the 
complement of the embedded disk in D4 has Z as the fundamental group) if and only if 
the Alexander polynomial n(K) = 1. In this case the manifold MK embeds locally flat 
in S4. By using the CP2-stable surgery we conclude the following. 
Proposition 2.2. Let M be a closed oriented 3-manifold. Assume that the fundamental 
group n of M is an extension of a free group by a per$ect normal subgroup. Then M 
embeds into n@P2 locally jut for n large enough. 
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Proof. By [5, 11.6CJ, there is a Poincare pair (X, M) and a degree 1 normal map 
f : (W, M) + (X, M) so that on the boundary f is the identity, where X N VfS’, W 
is a manifold with boundary M. The C.P’-stable surgery theory [7] applies to show that 
(W # (#T_CP): M) 1s normal cobordant to a pair (W’, M) which is a simple homotopy 
equivalent to (X# (#;@P2)! M) f or some n. Note that the intersection form of (W’, M) 
is n( 1). On the other hand, by surgery it is easy to construct a simply connected spin 
manifold V with boundary M such that Hz(M) + Hz(V) is an isomorphism. Gluing V 
and W’ along the boundary we obtain a simply connected 4-manifold with intersection 
form n(+l). This gives an embedding of A4 in this manifold. By Freedman [4], this 
manifold is either n@P2 or (n - 1)@P2 # *@P2. If the latter occurs, we sum *@P2 to 
it and obtain (n + 1)CP2. This completes the proof. 0 
If L c S3 is a good boundary link with n-components, i.e., there is a homomorphism 
of the fundamental group of its complement to the free group of n-letters with perfect 
kernel so that the image of the linking circles forms a set of generators. The framing 
zero surgeries on L gives a manifold ML whose fundamental group is an extension of 
a free group of n-letters by a perfect normal subgroup. By Proposition 2.2 ML embeds 
into n@P’ for n large enough. 
3. Proof of Theorem A 
In this section, we shall give the proof of the result mentioned in Introduction. Our 
strategy to show this theorem is to construct a certain open 4-manifold with periodic ends 
in the sense of Taubes. We refer to Taubes [ 161 for the detailed definition of end-periodic. 
Recall the following generalization of Donaldson’s theorem. 
Theorem 3.1 (Taubes). Let M be a smooth simply connected open end-periodic 4-man- 
ifold. If the intersection form of M is definite, then it can be diagonalized over the 
integers. 
In [2], using the same method of Gompf [9] which is used to produce a two parameter 
family of uncountably many exotic Iw4, Ding claimed that if M is a noncompact 4-man- 
ifold with at least two open ends and one of them is topological collared by N x Iw, 
where N is a closed oriented 3-dimensional flat submanifold of n@P2, then there are 
uncountably smooth structures on M. The proof of Theorem A follows from this claim 
and Corollary 1.2, Proposition 2.2. For the reader’s convenience, I include this detail 
here. 
Proof of Theorem A. By Corollary 1.2 and Proposition 2.2, under the assumptions, N 
can be embedded into n@P2 as a flat submanifold for n large. First we are going to 
show that there are uncountably many exotic structures on N x II& Note that N x IR is 
a submanifold of n@P2. Let j : N x IFi + n@P2 be the inclusion. Endow n.@P2 with a 
canonical smooth structure. N x Iw has an induced smooth structure from j. By Quinn [ 151, 
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we may assume that the smooth structure on N x Iw is canonical near 2 x R, where z E N 
is a fixed point. Let R, be an exotic IR4 whose end is diffeomorphic to IEs CE (l)i - pt, 
where IEs @ (l)\ 1s a simply connected closed 4-manifold with the intersection form 
Es @ (l), where Es is the positive definite unimodular form over the integers with rank 
and signature both 8. Notice that, by Quinn [15], I_& @ (1)1 - pt is smoothable. We 
should understand that it has an endowed smooth structure. Let R, = int B,, B, is the 
topological ball of radius s. For s large, namely, s 3 ~0, R, is a family of exotic EC4 
which are pairwise different (cf. Taubes [16] or [9] for the details of this construction). 
Let X, denote the open 4-dimensional submanifold of /Es @ (1) / - pt with the same end 
as R, by cutting a cylinder along infinity. 
Now we want to show that the end sum (cf. Gompf [9] for the precise definition) 
N x lRb R, and N x IFCh Rt are not diffeomorphic if s # t, s, t 3 TO. Notice N x IRh R, and 
N x R are homeomorphic for all s. Thus we obtain uncountably many exotic structures 
on N x R b, R, and the claim is proved. 
Suppose not, then there are reals, namely s < t, N x R b R, and N x R b Rt are 
diffeomorphic. We have therefore an smooth embedding 
One should note that here Rt is embedded into the target manifold with compact support. 
Let E be a small real so that t - E > s - E 3 TO. Let V = n@P* # Rt - g(Bt_,). Notice 
that V is a open manifold and two ends of V are both diffeomorphic to int Bt - Bt--E. 
By the same method of [9] or [ 161, one may construct an end-periodic manifold, namely 
W through splicing X, with infinitely many copies of V along the ends. Notice that the 
intersection form of W is Es @ Qm, here Qoo denotes the direct sum of infinite copies 
of (1). This contradicts with Taubes’ theorem mentioned before. This proves that N x lR 
admits uncountably many smooth structures. 
Now let M be a 4-manifold with at least two open ends and one of them, namely E is 
topological collared as N x R, where N satisfies the assumption in the theorem. Put the 
induced smooth structure on N x IR as above. By Quinn [15] this smooth structure can 
be extended to M. Now we may understand M as a smooth manifold. We can form the 
end sums M h R, for all s 3 TO along the end E. Note that Mb R, are all homeomorphic 
to M. Thus we get a family of smooth manifolds which are homeomorphic to M but the 
collection of the ends of the manifolds in this family is a uncountable set. Notice that 
there are at most countably many topologically collared ends for every smooth manifold 
with countably base. Thus the collection {ILI b R,, s b TO} are uncountably many up to 
diffeomorphism. This completes the Theorem A. 0 
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Note added in proof. Recently A. Edmonds proved that every rational homology sphere 
whose link form has no Fp direct summand embeds locally flatly into #;Q1P2 for n 
large. Thus our main theorem can be improved largely by replacing the conditions (ii) 
and (iii) by: N is a rational homology sphere and the link form of N contains no Fp 
factor for any Ic 3 2. 
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